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Condensation of Water Vapor in Rarefaction
Waves: I. Homogeneous Nucleation

J. P. Sislian* and I. I. Glass¥t
University of Toronto, Toronto, Canada

A detailed theoretical investigation has been made of the condensation of water vapor/carrier gas mixtures in
the nonstationary rarefaction wave generated in a shock tube. It is assumed that condensation takes place by
homogeneous nucleation. The equations of motion together with the nucleation rate and the droplet growth
equations were solved numerically by the method of characteristics and Lax’s method of implicit artificial
viscosity. It is found that, for the case considered, the condensation wave formed by the collapse of the
metastable nonequilibrium state is followed by a shock wave generated by the intersection of characteristics of
the same family. The expansion is practically isentropic up to the onset of condensation. The condensation front
accelerates in the x,7 plane. The results of the computations for a chosen case of water vapor/nitrogen mixture
are presented by plotting variations of pressure, nucleation rate, number density of critical clusters, and con-
densate mass-fraction along three particle paths. Some consideration is given to homogeneous condensation ex-
periments conducted in a shock tube. Although a direct comparison of the present theoretical work and these ex-
periments is not possible, several worthwhile interpretative features have resulted nevertheless.

Introduction

F the vapor of any substance is expanded isentropically and

cooled, there is some time ¢ at which the vapor becomes
saturated. It is assumed that condensation then takes place in
thermodynamic equilibrium. The fluid becomes a two-phase
vapor-liquid system at ¢, and the vapor remains in equilibrium
with the liquid at any subsequent time. In this case, the state
of the fluid changes along the saturation curve. Many con-
densation processes in nature and technology follow
equilibrium states closely, provided that liquid or solid-phase
particles are present initially, which become condensation
centers. However, in an ideally physically-pure gas, where
significant foreign condensation nuclei are absent, centers of
condensation must be created in the gas itself. In this
situation, the condensation is said to take place by
homogeneous nucleation and it may become much delayed
with respect to the equilibrium states. The theory of the for-
mation of nuclei of the liquid phase in a pure supersaturated
vapor has been developed by a number of authors.!' More
recently, several authors? have tried to improve this classical
theory by treating homogeneous nucleation from a statistical-
mechanical viewpoint. Parallel to this work, extensive ex-
perimental and analytical investigations of condensation
phenomena, primarily in steady supersonic nozzle flows, were
carried on, both to check the validity of various available
nucleation theories and to solve gasdynamic problems with
condensation, of interest in different areas of engineering.
Along with the techniques of steady nozzle flow, non-
stationary condensation in a rarefaction wave produced in a
shock tube provides one more possibility for the application
of experimental and analytical methods to the resolution of
fast processes.

Wegener and Lundquist® were the first to use the shock
tube for condensation studies and the first streak photographs

Received Feb. 12, 1976; revision received June 7, 1976. The finan-
cial support received from the National Research Council of Canada,
the Atomic Energy of Canada Ltd. (Chalk River) and the U.S. Air
Force Office of Scientific Research (AF-AFOSR 72-2274) is
acknowledged with thanks.

Index categories: Multiphase Flows; Nozzle and Channel Flow;
Shock Waves and Detonations. ‘

*Research Fellow, Institute for Aerospace Studies. Presently
Research Associate, NASA Langley Research Center,. Hypersonic
Propulsion Branch.

tProfessor, Institute for Aerospace Studies. Fellow AIAA.

showing the condensation process in a rarefaction fan were
obtained by Glass and Patterson.* More recently, several
authors> have used the shock tube for the experimental in-
vestigation of the condensation of various vapors. In the
present investigation, a detailed analytical study was made of
the condensation of water vapor/carrier gas mixtures in the
nonstationary rarefaction wave generated in a shock tube.
Quantitative analytical and numerical methods were
developed to predict the effects of nonequilibrium
homogeneous condensation on the flow variables. The
equilibrium condensation case to which the nonequilibrium
flow tends asymptotically as /— o also has been determined.

Basic Equations

The problem to be considered in the present investigation is
the following. A mixture of watér vapor and an inert carrier
gas at a given total pressure p, and temperature 7, is initially
at rest in the driver section of a shock tube. At time =0, the
diaphragm separating the driver section from the channel
(low-pressure section) of the shock tube is removed, and the
mixture suddenly is expanded into the channel. The vapor
contained in the mixture is expanded isentropically by a
rarefaction wave and cooled until it becomes saturated and as
time increases it becomes supersaturated. Condensation then
takes place by homogeneous nucleation and the droplets
grow. The problem is to determine the effects of condensation
on the nonstationary flowfield. The-wave system following
diaphragm rupture is illustrated in the time-distance (¢,x)
plane on Fig. 1. It can be seen that, in addition to the shock
wave and rarefaction wave, a contact surface also forms,
separating the original gases. Particle paths are shown also as
well as the head and tail of the rarefaction wave. ’

In writing the basic equations, the following assumptions
are made: 1) the effects due to viscosity and heat conduction
are neglected; 2) up to the actual appearance of condensation,
the gas mixture may be treated as a thermally and calorically
perfect gas, i.e., the phase change occurs sufficiently far from
the so-called critical point on the phase diagram; 3) the con-
densed mass is distributed uniformly throughout the gaseous
components, and has the same velocity and temperature as the

main flow; 4) the volume of the condensed phase is negligible

compared to the total volume. The one-dimensional non-
stationary flow of such a medium, with allowance for
nonequilibrium homogeneous condensation, is described by
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Fig. 1 Wave system produced in a shock tube.

the following equations:

Continuity
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where 7 is time; x is the distance along the shock tube (Fig. 1);
u and T are the velocity and temperature of the condensate
and gas phase; p is the total pressure p=p; +p, (i denotes the
inert carrier gas, v the vapor); p is the total density (o=p;
+p, +p., c denotes the condensate), g is the condensate mass
fraction; w, =m,_ /m is the initial specific humidity; x; and g,
are the molecular weights of the carrier gas and water vapor,
respectively; and R is the universal gas constant. The ex-
pression for the specific enthalpy # of the two-phase mixture
has the form !

h=c,, T—Lg )
where the heat capacity at constant pressure ¢, o is given by
Cpp= (I =wp)Cp, +wp Cp, @)

and L is the latent heat of vaporization.

Equation (4) describes the “‘production’’ rate of the con-
densed phase along a particle path. The inception and growth
of condensation nuclei, i.e., droplet nucleation and growth
equations, as developed in Refs. 1, 11, and 12, are employed
here.

The relationship between the vapor pressure p, and the so-
called critical radius r* of a droplet in equilibrium with the
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vapor in which it is suspended is given by the Thomson
equation'
20
re= ®
Pa (R/l“'v )Tln(pv /ps)

where o is the surface tension of the spherical droplet, p, is its
density, and p; is the saturation pressure of the vapor phase.
The equilibrium between the vapor and the critical droplet is
unstable; ! if 7>r*, the droplet grows; if r<r*, it evaporates.
Thus, there exists a minimum critical size which the droplet
must have in order to become a condensation nucleus. The in-
ception of the phase transition is determined by the
probability of the generation of critical-size clusters. The
number of critical-size droplets formed per unit time per unit

volume, i.e., the nucleation rate, is given by !!

I_(Z) “ N3{? (p—”)Z(O‘u”)%ex ( 47rr*za) ©
“\z) ®R\7T PY A ET

where N, is the Avogadro number, p, is the density of the -
condensing phase, and k is the Boltzmann constant.

Once a droplet is formed which is able to grow, its further
growth is determined by a droplet-growth equation which ex-
presses the mass increase of a critical-size droplet as it moves
downstream with the flow. This equation includes the
following further assumptions: 1) the droplets are spherical;
2) the droplet temperature is uniform; 3) each droplet grows
separetely and does not coalesce with other droplets; 4) the
mean free path in the gaseous medium is much longer than the
droplet size; S) the rate of droplet growth does not depend on
its radius. Under these assumptions, it can be shown that the
rate of droplet growth is given by !2

dr « Ds

dt = o, Zr R # 1
where « is the so-called condensation coefficient (assumed
constant) equal to the ratio of molecules sticking to the
droplet to those impinging on it, and s=p,/p, is the super- -
saturation.

The relative rate of formation of condensate along a par-
ticle path at time ¢ may be derived as follows. A droplet of
initial radius r*(r) formed at'a certain instant = along a par-
ticle path will grow to a size

tdr
P+ | S
M+ T, .
at time ¢. The number of such nuclei formed at instant 7 per
unit mass per unit time is I(7)/p(7). At instant ¢ the rate of
condensate accumulation on all these droplets is

e oelro [ Gl 15 |

Integrating the above expression with respect to 7 from the
initial iristant ¢; to instant # along the particle path, and taking
account also of the very small rate of condensation at ¢ due to
nucleation, the rate of production of the new phase is
dg _ I(t) r*3(t)
worf

dr - o(f) 3 +dt S: [:2:)) (r*(T)

o[ oo

which represents the explicit form of Eq. (4). In this equation
the quantities r*, I, and dr/dz are given by Eqgs. (8), (9), and
(10), respectively.
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Numerical Solution and Results

Method of Characteristics

Equations (1-4) are not solvable analytically and we must
resort to numerical methods of integration. For this, the
hyperbolic character of these equations!® may be used to
reduce them to a system of equations of characteristics and
the relationships on them, which describe the laws .of
propagation of disturbances in the nonstationary flowfield.
The nondimensional variables and coordinates are

. T u -t X
p=, o=, T= 2 a=t i=m, 223 ()
T

where quantities with subscript 0 refer to the condition in the
driver, a, is the speed of sound, fand r are some characteristic
distance and time such that {/7=a,. The complete set of
characteristic equations in Eulerian coordinates in the %, {
plane is

dx .
dp du 1 N
~— +yopdr— + 'a’z(——————————:) =0 (14
d7 YoP fdt YoP df (o /p0) —2 T f:x (14)
dx
—_=U 15
Tk 15)
ac I .
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t p
dB T . <
— =47 C= 17
af " 5 + /2 7
dA T, .. .
—— =22 42f B=f, (18)
dt »p
dg I /M3 . .
9 _y4 (_ —A)E 19
a7 T 5 3 +r f4 19)
1dp
df-Adg-12 "% _y (20)
Yo

where A=c,, T,/L and d; is the nondimensional frozen speed
of sound

iU‘_g
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The upper signs in Eqgs. (13) and (14) pertain to the right-
running characteristics, and the lower signs to the left-running
characteristics. Equations (15-19) hold along the particle
path, Eq. (15), and are obtained from Eq. (11). Equation (20)
is obtained from the energy equation [Eq. (3)] using Eq. (6). It
can be seen that the characteristic sound speed in a condensing
gas mixture is the frozen sound speed. This is similar to the
case of a reacting gas mixture. 4

Equations (13-20) were solved numerically by the second-
order method suggested in Ref. 15, subject to initial con-
ditions along the frozen rarefaction-wave head and at the cen-
ter of the rarefaction wave. Computations by this method
were performed only in the rarefaction fan of the flowfield
where most of the spontaneous condensation occurs (see Fig.
2, region OBCDO). The numerical calculations were made
using an IBM 370-165 at the Institute of Computer Science,
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Fig. 2 Condensation-wave structure in nonstationary rarefaction
wave. .

University of Toronto, for the following initial conditions:
nitrogen/water vapor mixture in the driver section charac-
terized by the values w;=0.01776, ¢,=0.973 (relative
humidity of 97.3%), and T,=295.3°K. The low-pressure
chamber contained air at 7, =T,. The diaphragm pressure
ratio was 6.8. The details of the computation are given in Ref.
16. .

A sketch of the predicted flowfield in the physical x, ¢ plane
is shown in Fig. 2. The line OB is the head of the rarefaction
wave moving at the rest state sound speed into the gas (as no
condensation occurs there) with a velocity a,=352.2 m/sec.
The frozen (isentropic) tail of the wave is shown by the dashed
line OK, and corresponds to a frozen Mach number M,
=(.784, for a diaphragm pressure ratio of 6.8. The line EF
representing the leading front of the condensation wave, i.e.,
the onset of condensation, obtained by the method of charac-
teristics, is defined as the locus of points along particle paths
where the supersaturation reaches its maximum value. Some
of these values are shown along the condensation front. It is
seen readily that the flow of a condensing mixture of water
vapor/carrier gas with fixed initial relative humidity, ex-
periences decreasing supercooling or supersaturation s with
time and the leading front of condensation accelerates in the
x,t plane. The hatched region represents the condensation
zone within the rarefaction wave. It is the region of the flow
where the collapse of the metastable state of the gas mixture
occurs. The sudden precipitation of moisture affects the flow
variables appreciably because of the sudden heat release by
condensation (see Fig. 3). The characteristics emanating from
point O remain straight as long as the effect of homogeneous
condensation on the flow variables is negligibly small. After
penetrating the condensation zone, the characteristics begin to
curve appreciably towards the head of the rarefaction wave
because of the latent heat of condensation. A typical charac-
teristic OCis shown in Fig. 2.

Computations show that, for the case considered, the con-
densation wave is followed by a shock wave DC (Fig. 2)
generated by the intersection of characteristics of the same
family, i.e., the left-running characteristics. Within the boun-
daries of the computed flow region and the limitations of a
finite characteristic mesh size, the line DC represents ap-
proximately the locus of intersection points of left-running
characteristics which is the envelope of the shock wave. It is
seen that the tail of the rarefaction wave is strongly curved,
line OED, and the shock wave starts at point D. The
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Fig. 3 Time-distance (¢,x) schlieren photograph of the shock-tube
problem near the origin with dry air and saturated air as driver gases.
The head of the rarefaction wave (R), the condensanon shock wave
(S ), the condensation region, the contact surface (C), the shock wave
(S), and transverse waves from the diaphragm breaking process (TW),
are shown clearly in the saturated air case. Initial conditions: P, =746
Torr, p; =29.8 Torr T, =297°K, T; =297°K, ¢4, =100%, «;=1.8%
(calculated) (Refs. 4, 22).

possibility of the occurrence of discontinuities during
homogeneous condensation already has been noted by several
authors. 72! The present analysis establishes the occurrence
of such discontinuities during the homogeneous water-vapor
condensation in a nonstationary rarefacnon wave for the
initial conditions considered.

The occurrence of shock waves during homogeneous con-
densation of water vapor in a nonstationary rarefaction wave
in a shock tube has been established also experimentally by
Glass et al.?* Figure 3 shows an x,# schlieren photograph of
the condensation region for water vapor condensation in air
in a shock tube in the region of the diaphragm. The ex-
perimental initial conditions are given in the figure. The
calculated initial relative humidity and specific humidity were
found to be ¢, =100% and w,=1.8%, respectively. These
initial values are close to the case considered in the present in-
vestigation. The condensation shock wave S, is seen readily in
the photograph. However, no curvature was observed in the
experimental path of this shock. It is of interest to note the
resemblance of the shock found for the present case of phase
change in a nonstationary rarefaction wave, with the recom-
bination shock in a relaxing gas predicted by Glass and
Takano® in a corner-expansion type flow, where in a
dissociated gas, energy (heat) is transferred from the internal
degrees to the active degrees of freedom during recom-
bination.

The width of the condensation wave increases with in-
creasing distance from the origin (hatched area in Fig. 2)
because of the interplay of two varying opposing effects,
namely, the variable rates of expansion, which decrease the
pressure, and of heat addition due to condensation in the non-
stationary subsonic flow, which increases the pressure. Closer
to the origin where. conditions are nearly frozen, the ex-
pansion rate is very high, whereas the rate of condensation
varies less markedly. For this reason the condensation front in
the rarefaction fan starts at some distance from the origin at
point E on the tail of the wave. At point E the condensation
front is about 2 cm thick.

Lax Method

The presence of shock waves in the flowfield complicates
the solution of the problem. In order to handle such discon-
tinuities in the flowfield, Lax’s method of implicit artificial
viscosity was used in the present investigation. This technique
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requires that all partial differential equations of motion be in
conservative Lagrangian form. In nondimensional variables
and coordinates [see Eq. (12)] they are

Continuity
o _or »
a oy ' @)
Momentum
u a(—-p/
__=L_£’_722 (23)
at ay
Energy
dE a(—pu/
_8(=pu/yo) 24

o oy

where 9=1/p, E=é+u?/2, and y is the nondimensional
Lagrangian coordinate. Together with the rate equations
[Eqgs. (16-19)] written in Lagrangian form (the time derivative
along a particle path is replaced by the partial time derivative
3/0 f), the equation of state, Eq. (5), and the expression

N (F 2
T Yo(Yo—1) (E~u*/2) +yo\ g 25)
I+ (yo—1)(uo/ny)g

for the specific internal energy for the mixture of gases and
condensate, they form a determined system of equations. Lax
approximates Eqs. (22-24) by the following difference scheme
of first-order accuracy ’

n+1

-(q (W,"+1 7—1)

e L 1
—q; 24y

IL n n n
+E-((Ij+1—2qj' +gqi_y) (26)

where q—(qu) W=, —plyye, —Di/lvy), and B is a
constant; g7 is the value of g at the point (jAp, nA f) in the
space-time network. The rate equations, Egs. (16-19), which
are of the general form,

dci/t=f,(v,T, c), i, k=1,...,4 @n

were integrated using a first-order implicit integration
scheme

c,”j+1—c,’»fj+y(c,’-i,~+1 ZCU +cf; 1)+{f1( yr+d ,T7¢kj)

- af: g n+1 f +1
+;=:1 acy I/C"’f _ckj)+6T L(TW —-TH)jaf (28)

Together with Eq. (25) written in differential form they form
a system of five algebraic equations for the five unknowns
cf#! T7*'. Implicit integration methods were shown to be
inherently stable in integrating the rate equations in all flow
situations (whether near equilibrium, nonequilibrium, or
frozen).?* The time increment A f is determined from the
Courant stability condition

AF=E(AP/ (Bdp) bax 29)

where £ is a constant less or equal to unity. In Eulerian coor-
dinates the computed flowfield is limited by time levels =0
and t=7 (the characteristic time), by a wall at a distance
f=a,r from the diaphragm and the contact surface, which
travels at a speed corresponding to the frozen state at point O
(Fig. 2) for the given pressure ratio across the diaphragm. !¢
Right and left boundary points were handled using the reflec-
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paths initially at: a) 5 cm and b) 20 cm from the diaphragm.

tion technique.? The numerical calculations for the case con-
sidered in the present investigation were performed by the
previously described Lax’s method for £ =0.75, p=0.2, on an
IBM 370-165.'6

The dashed line E’F” in Fig. 2 is a portion of the onset of
condensation calculated by Lax’s method. The agreement
with the results given by the method of characteristics, line
EF, is satisfactory. The maximum supersaturations at the on-
set obtained by the two methods agree well far from the
origin, where the rates of expansion computed by Lax’s
method agree closely with that given by the exact solution.
Closer to the origin this agreement deteriorates, especially
near the tail of the rarefaction wave where the onset of con-
densation occurs, and the supersaturations at the onset given
by the two methods differ markedly in this region. Variations
of the nondimensional pressure along three particle paths are
shown in Fig. 4 (curve ¢’ is the solution given by the method
of characteristics). It readily is seen that the pressure rises due
to homogeneous condensation are higher for particle paths
farther from the origin (Fig. 2). The strength of the con-
densation wave along the particle path ¢ (or ¢’) due to the
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pressure increase from point L to M is p,/p, =1.073,
whereas the condensation shock from M to N has a strength
DPn/Py=1.19. All curves tend asymptotically, for f—oo, to
their common constant equilibrium value'® of p~0.39 (see
Fig. 4).

Figure 5 shows the variations along two particle paths of
the rate of formation of condensation nuclei 7, nuclei
population N, and the condensate mass fraction g. The rate of
formation of critical-size nuclei increases rapidly attaining
values as high as 7=1.9x 10" particles/cm? sec on particle
path @, and then upon partial reduction in supersaturation due
to precipitation of moisture, it drops even more rapidly to
zero as the curve is asymmetric with respect to the maximum.
The total number of nuclei during the initial phase of
homogeneous condensation also increases rapidly and ap-
proaches a value of 1.55x 10! particles/g on particle path a,
and after the complete collapse of the supersaturated state
remains constant. Because of the rapid nucleation process just
before the onset of condensation the condensate mass fraction
increases sharply. Further accumulation of condensate occurs
mainly by accretion of vapor on critical droplets. All curves
for the condensate mass fraction tend to their equilibrium
value g, ~1.4x107?% in the quasi constant region of flow,
downstream of the condensation zone.

Comparisons with Experimental Data

An experimental investigation of homogeneous con-
densation of water vapor in a nonstationary expansion of a
water vapor/nitrogen (ultra pure N,) mixture in a shock tube
(2.54-cm x 2.54-cm cross section) was performed. '© The den-
sity and pressure variations as well as the onset of con-
densation were monitored at two fixed locations in the driver
section. An examination of the experimental pressure profile
obtained for the case considered in the present investigation,
at a location x= —17.1 cm from the diaphragm, shows that
the experimental rate of expansion is markedly lower than the
theoretical one at that location. It was found that the ex-
perimentally measured expansion rate at the head of the
rarefaction wave corresponds more to the theoretical one at a
distance x= —23.4 cm from the diaphragm. Although the
agreement between theoretical and experimental isentropic
(frozen) expansion rates is, in general, good (Fig. 6), it readily
is seen and it may be shown, using the approach developed in
Ref. 26, that the experimental waveform is noncentered. The
homogeneous condensation process is very sensitive to the
rates of expansion and cooling. The degree of supercooling in-
creases rapidly with an increasing rate of expansion. This fact
should be kept in mind when comparing the analytical results,
based on the theory of ideal shock-tube flow, where it is

Ot——g iz 6 20

1 (msec)
Fig. 6 Computed and experimental nondimensional pressure vs time
at station x= —23.4 cm from the diaphragm: 1) experimental
(Kalra'%), s,nce = 13.75; 2) computed, ¢ =82 dyn/cm, sgpee( =25.8; 3)
computed, ¢=75.6 dyn/cm, Sype =16.75; 4) computed, o=68.0
dyn/em, §pee = 10.4.




1736 . J.P.SISLIAN AND L.I. GLASS
t(msec)
F K lsentropic (Frozen)
: Rarefaction Wave

Theoret. Onset Tail, M¢ =0.7684
Lox:o=75.6 v 15

dynes/cm H )

~H \

Theoret. Onset Theoret. Onset,
Lax: o =680 MOC: =82 dynes/cm

dynes/cm g \

Deduced MOC:c=756
Experim. Onset dynes/cm
Experim. Onset — A —10
Glass & Patterson EXD:?:I[. \

Onset \

De@ Theoretic. Onset AN \ \

Observation Station,  MOC:c =680 N \
dynes/cm
A \
Rarefaction N \ -105
Wave Head AN \
E
L/—Actuul Observ.
Station % -
1 1 H 1 ! < C
-250 -200 -150 -l00 -50 o]
x(cm)

Fig. 7 Computed and experimental onset of condensation.

assumed that the nonstationary rarerfaction wave generated by
diaphragm rupture is a perfectly centered planar wave, with
data obtained from experiments in which the waveforms not
only are noncentered but also may be nonplanar at distances
relatively close to the diaphragm. Nevertheless, the theoretical
pressure variations were compared with the experimental
profile at this modified location (Fig. 6).

Another point to be mentioned concerns the interfacial ten-
sion g, i.e., the surface tension of the liquid droplet or the sur-
face free-energy of an ice cluster. This physical quantity enters
Eq. (9) for the nucleation rate in the exponential term to the
third power, and therefore its correct value is the most critical
aspect of the theoretical prediction of the condensation
phenomenon. The major uncertainties are: 1) the possible ef-
fect of droplet size on the values of ¢ and 2) the choice bet-
ween surface tension of a liquid droplet and surface free-
energy of ice crystals, as the nature of the condensate is not
precisely known. For a condensation coefficient value of «
=0.04 considered throughout the present computations, the
nondimensional pressure variation calculated at x= —23.4 cm
is shown (curve 2) in Fig. 6, and the onset of condensation is
depicted in Fig. 7 by curve EF. The semiempirical expression
used for the surface tension!’> was ¢=128 - 0.192T°K
dyn/cm, and assuming the condensate to be liquid, this gives
at the onset of condensation a value 0=82 dyn/cm. The
discrepancy with the experimental data is quite appreciable.
For a constant surface tension value of 0=75.6 dyn/cm
suggested by Wegener!! for water vapor/carrier gas con-
densation, the onset of condensation (line GH in Fig. 7) and
the pressure variation (curve 3 in Fig. 6) are closer to those ex-
perimentally predicted. Good agreement with experiments
performed at the University of Toronto Institute for
Aerospace Studies, concerning the onset of condensation, is
reached for ¢=68.0 dyn/cm as shown by curve 4 in Fig. 6 and
in Fig. 7.

It is not very satisfactory to fit experimental data by
altering physical parameters like 0.?" It points to the fact that
we do not have verified data for droplets at such conditions.
There is considerable uncertainty in choosing a suitable value
for the condensation coefficient «. The growth-law, Eq. (10),
is applied without knowing whether the condensate is in liquid
or solid form. The value « = 0.04 chosen in the present com-
putations and suggested by several authors!? seems to be
somewhat high for the case considered. Yet some authors
believe it should approach unity.?® The error in the absolute
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pressure rise is 30% and in the strength of the condensation
shock wave ~ 12% for curve 4 (Fig. 6).

As noted previously, the initial conditions in the driver sec-
tion of the shock tube in the experiments of Glass et al.?? are
close to those considered in the present investigation. Despite
the fact that the wave system near the origin is not ideal and
hence the rarefaction wave is neither centered nor planar, the
experimental condensation shock wave path (Fig. 3), which
has a uniform velocity of 190.5 m/sec lies just behind the on-
set of the condensation path as predicted for ¢=68.0 dyn/cm
and o =0.04 (Fig. 7), and is in very reasonable agreement with
the present calculations for Kalra’s experiment. !° It should be
noted that this line was drawn from point G and with the
measured slope from Fig. 3. The point G does not vary much
with changes in o.

Another feature is observed in Fig. 3, namely, the opaque
region. From the analysis, most of the condensation occurs
beyond the condensation front and condensation shock wave,
(Fig. 5) and soon approaches a constant equilibrium value.
Consequently, it is possible for the droplets, either in liquid or
solid form (both have nearly the same refractive index), to
grow and completely scatter and refract the schlieren beam to
make it appear as an opaque region. Unfortunately, droplet
size and film opacity were not measured as a function of time
in the original experiments conducted over two decades ago.
It is worth noting that Smith did observe a concave con-
densation front in steady corner-expansion waves,? and that
a similar type of analysis for nozzle flows with condensation
has appeared in Ref. 30.

Conclusions

An analytical and numerical analysis has been made of the
condensation of water vapor/carrier gas mixtures in the
rarefaction wave generated in a shock tube. Comparisons
with experiments show that Frenkel’s theory! appears to
provide a good approximation for the rate of formation of
condensate. The solution follows the isentrope to the point of
condensation and then rapidly approaches the equilibrium
condensation. The head of the condensation wave (the line of
onset of condensation) is found to accelerate in the x, ¢ plane.
One of the most important results obtained for the case con-
sidered is that the condensation wave is followed by a shock
wave generated by the intersection of characteristics of the
same family. The critical droplet radius is computed to be of
the order of 10 % cm and grows to a maximum of ~ 10 ~° cm.
These values are consistent with the assumptions made in the
theory. In comparing the analytical results based on the
theory of ideal shock-tube flow, where it is assumed that the
nonstationary rarefaction wave generated by diaphragm rup-
ture is a perfectly centered planar wave, to data obtained from
experiments, it should be kept in mind that experimental
waveforms are not only noncentered but also may be non-
planar with appreciable differences between theoretical and
experimental rates of expansion and cooling. In addition, the
values of surface tension g, and the condensation coefficient
«, are not known with any precision. In view of this, the
agreement of analysis and experiment may be considered as
quite satisfactory. The present analysis can be used in the
future should new developments occur in the droplet growth
or rate equations and it also can be applied to other problems
in gasdynamics. It will be shown in a forthcoming paper that
the experimental results considered in this publication also
can be explained well using a heterogeneous nucleation
model. In that model, the droplet contact angle with the sur-
face of the nucleus (which is not known experimentally) plays
the dominant role, just as ¢ does in homogeneous nucleation.
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